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What properties does one expect from negation?
Pick your choice:

reductio ad absurdum

proof by cases

ex contradictione sequitur quodlibet

consequentia mirabilis

double negation introduction/elimination

contraposition

Being nonclassical:
Use your favorite recipe for producingmustard watches. [y.-j. ringard, 1990]

Is there some minimal basis for agreement?!
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What properties does one expect from negation?
Boolean binary operators in `binary print': [Béziau, 1996]
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from the viewpoint of a {FRML}- FRML framework.�

J. Marcos [...] a good paraconsistent negation? V LogIA 3 / 6



And what about a paraconsistent negation?
�Every logic has aninconsistent counterpart that coincides with it
from the viewpoint of a {FRML}- FRML framework.�

Given any consistent logicL , one can always
�nd an inconsistent logicIL such that:

� j= m
IL �; � i� � j= m

L �; �

yet: FRML 6j= m
IL :

J. Marcos [...] a good paraconsistent negation? V LogIA 3 / 6



And what about a paraconsistent negation?
�Every logic has aninconsistent counterpart that coincides with it
from the viewpoint of a {FRML}- FRML framework.�

Given any consistent logicL , one can always
�nd an inconsistent logicIL such that:

� j= m
IL �; � i� � j= m

L �; �

yet: FRML 6j= m
IL :

The trick : Adding to SemL a dadaisticvaluation. . . [Carnap 1943]

J. Marcos [...] a good paraconsistent negation? V LogIA 3 / 6



And what about a paraconsistent negation?
�Every logic has aninconsistent counterpart that coincides with it
from the viewpoint of a {FRML}- FRML framework.�

Given any consistent logicL , one can always
�nd an inconsistent logicIL such that:

� j= m
IL �; � i� � j= m

L �; �

yet: FRML 6j= m
IL :

The trick : Adding to SemL a dadaisticvaluation. . . [Carnap 1943]

Now, what about� -inconsistency?

J. Marcos [...] a good paraconsistent negation? V LogIA 3 / 6



And what about a paraconsistent negation?
�Every logic has aninconsistent counterpart that coincides with it
from the viewpoint of a {FRML}- FRML framework.�

Given any consistent logicL , one can always
�nd an inconsistent logicIL such that:

� j= m
IL �; � i� � j= m

L �; �

yet: FRML 6j= m
IL :

The trick : Adding to SemL a dadaisticvaluation. . . [Carnap 1943]

Now, what about� -inconsistency? Well, here are some descriptions of
paraconsistency sometimes to be found in the literature:

J. Marcos [...] a good paraconsistent negation? V LogIA 3 / 6



And what about a paraconsistent negation?
�Every logic has aninconsistent counterpart that coincides with it
from the viewpoint of a {FRML}- FRML framework.�

Given any consistent logicL , one can always
�nd an inconsistent logicIL such that:

� j= m
IL �; � i� � j= m

L �; �

yet: FRML 6j= m
IL :

The trick : Adding to SemL a dadaisticvaluation. . . [Carnap 1943]

Now, what about� -inconsistency? Well, here are some descriptions of
paraconsistency sometimes to be found in the literature:
‘‘P�a�r�a�c�o�n	s��i	s��t�e�n�t �l�o�g�i�c
s �a�r�e �n�o�n�-�t�r�i�v�i�a�l �l�o�g�i�c
s

�th�a�t �c�a�n� �a�c�c�o�m�m�o�d�a�t�e �c�o�n�t�r�a�d�i�c�t�o�r�y �th�e�o�r�i�e
s.’’

so isIL

J. Marcos [...] a good paraconsistent negation? V LogIA 3 / 6



And what about a paraconsistent negation?
�Every logic has aninconsistent counterpart that coincides with it
from the viewpoint of a {FRML}- FRML framework.�

Given any consistent logicL , one can always
�nd an inconsistent logicIL such that:

� j= m
IL �; � i� � j= m

L �; �

yet: FRML 6j= m
IL :

The trick : Adding to SemL a dadaisticvaluation. . . [Carnap 1943]

Now, what about� -inconsistency? Well, here are some descriptions of
paraconsistency sometimes to be found in the literature:
‘‘P�a�r�a�c�o�n	s��i	s��t�e�n�t �l�o�g�i�c
s �a�r�e �n�o�n�-�t�r�i�v�i�a�l �l�o�g�i�c
s

�th�a�t �c�a�n� �a�c�c�o�m�m�o�d�a�t�e �c�o�n�t�r�a�d�i�c�t�o�r�y �th�e�o�r�i�e
s.’’

so isIL

so isIL

‘‘P�a�r�a�c�o�n	s��i	s��t�e�n�t �l�o�g�i�c
s �a�r�e �n�o�n�-�e�x
p�l�o�s��i�v�e �l�o�g�i�c
s.’’

J. Marcos [...] a good paraconsistent negation? V LogIA 3 / 6



And what about a paraconsistent negation?
�Every logic has aninconsistent counterpart that coincides with it
from the viewpoint of a {FRML}- FRML framework.�

Given any consistent logicL , one can always
�nd an inconsistent logicIL such that:

� j= m
IL �; � i� � j= m

L �; �

yet: FRML 6j= m
IL :

The trick : Adding to SemL a dadaisticvaluation. . . [Carnap 1943]

Now, what about� -inconsistency? Well, here are some descriptions of
paraconsistency sometimes to be found in the literature:
‘‘P�a�r�a�c�o�n	s��i	s��t�e�n�t �l�o�g�i�c
s �a�r�e �n�o�n�-�t�r�i�v�i�a�l �l�o�g�i�c
s

�th�a�t �c�a�n� �a�c�c�o�m�m�o�d�a�t�e �c�o�n�t�r�a�d�i�c�t�o�r�y �th�e�o�r�i�e
s.’’

so isIL

so isIL

‘‘P�a�r�a�c�o�n	s��i	s��t�e�n�t �l�o�g�i�c
s �a�r�e �n�o�n�-�e�x
p�l�o�s��i�v�e �l�o�g�i�c
s.’’

‘‘P�a�r�a�c�o�n	s��i	s��t�e�n�t �l�o�g�i�c
s �a�r�e �l�o�g�i�c
s �h�a�v�i�n�g 	s��o�m�e �i�n�c�o�n	s��i	s��t�e�n�t �m�o�d�e�l
s.’’

so isIL

J. Marcos [...] a good paraconsistent negation? V LogIA 3 / 6



And what about a paraconsistent negation?
‘‘P�a�r�a�c�o�n	s��i	s��t�e�n�t �l�o�g�i�c
s �a�r�e �n�o�n�-�t�r�i�v�i�a�l �l�o�g�i�c
s

�th�a�t �c�a�n� �a�c�c�o�m�m�o�d�a�t�e �c�o�n�t�r�a�d�i�c�t�o�r�y �th�e�o�r�i�e
s.’’

so isIL

so isIL

‘‘P�a�r�a�c�o�n	s��i	s��t�e�n�t �l�o�g�i�c
s �a�r�e �n�o�n�-�e�x
p�l�o�s��i�v�e �l�o�g�i�c
s.’’

‘‘P�a�r�a�c�o�n	s��i	s��t�e�n�t �l�o�g�i�c
s �a�r�e �l�o�g�i�c
s �h�a�v�i�n�g 	s��o�m�e �i�n�c�o�n	s��i	s��t�e�n�t �m�o�d�e�l
s.’’

so isIL

J. Marcos [...] a good paraconsistent negation? V LogIA 3 / 6



And what about a paraconsistent negation?
‘‘P�a�r�a�c�o�n	s��i	s��t�e�n�t �l�o�g�i�c
s �a�r�e �n�o�n�-�t�r�i�v�i�a�l �l�o�g�i�c
s

�th�a�t �c�a�n� �a�c�c�o�m�m�o�d�a�t�e �c�o�n�t�r�a�d�i�c�t�o�r�y �th�e�o�r�i�e
s.’’

so isIL

so isIL

‘‘P�a�r�a�c�o�n	s��i	s��t�e�n�t �l�o�g�i�c
s �a�r�e �n�o�n�-�e�x
p�l�o�s��i�v�e �l�o�g�i�c
s.’’

‘‘P�a�r�a�c�o�n	s��i	s��t�e�n�t �l�o�g�i�c
s �a�r�e �l�o�g�i�c
s �h�a�v�i�n�g 	s��o�m�e �i�n�c�o�n	s��i	s��t�e�n�t �m�o�d�e�l
s.’’

so isIL

These `de�nitions' arenot good enough,
in a {FRML}-{ FRML} framework!

J. Marcos [...] a good paraconsistent negation? V LogIA 3 / 6



And what about a paraconsistent negation?
‘‘P�a�r�a�c�o�n	s��i	s��t�e�n�t �l�o�g�i�c
s �a�r�e �n�o�n�-�t�r�i�v�i�a�l �l�o�g�i�c
s

�th�a�t �c�a�n� �a�c�c�o�m�m�o�d�a�t�e �c�o�n�t�r�a�d�i�c�t�o�r�y �th�e�o�r�i�e
s.’’

so isIL

so isIL

‘‘P�a�r�a�c�o�n	s��i	s��t�e�n�t �l�o�g�i�c
s �a�r�e �n�o�n�-�e�x
p�l�o�s��i�v�e �l�o�g�i�c
s.’’

‘‘P�a�r�a�c�o�n	s��i	s��t�e�n�t �l�o�g�i�c
s �a�r�e �l�o�g�i�c
s �h�a�v�i�n�g 	s��o�m�e �i�n�c�o�n	s��i	s��t�e�n�t �m�o�d�e�l
s.’’

so isIL

These `de�nitions' arenot good enough,
in a {FRML}-{ FRML} framework!

Indeed, say thatL is � -inconsistent if: 9v2 SemL
9' 2 FRMLL

: j= v ' andj= v � ' .

J. Marcos [...] a good paraconsistent negation? V LogIA 3 / 6



And what about a paraconsistent negation?
‘‘P�a�r�a�c�o�n	s��i	s��t�e�n�t �l�o�g�i�c
s �a�r�e �n�o�n�-�t�r�i�v�i�a�l �l�o�g�i�c
s

�th�a�t �c�a�n� �a�c�c�o�m�m�o�d�a�t�e �c�o�n�t�r�a�d�i�c�t�o�r�y �th�e�o�r�i�e
s.’’

so isIL

so isIL

‘‘P�a�r�a�c�o�n	s��i	s��t�e�n�t �l�o�g�i�c
s �a�r�e �n�o�n�-�e�x
p�l�o�s��i�v�e �l�o�g�i�c
s.’’

‘‘P�a�r�a�c�o�n	s��i	s��t�e�n�t �l�o�g�i�c
s �a�r�e �l�o�g�i�c
s �h�a�v�i�n�g 	s��o�m�e �i�n�c�o�n	s��i	s��t�e�n�t �m�o�d�e�l
s.’’

so isIL

These `de�nitions' arenot good enough,
in a {FRML}-{ FRML} framework!

Indeed, say thatL is � -inconsistent if: 9v2 SemL
9' 2 FRMLL

: j= v ' andj= v � ' .
Then, using the same trick as before:

Given any� -consistent logicL , one can always
�nd a � -inconsistent logicIL such that:

� j= m
IL �; � i� � j= m

L �; �

yet: FRML 6j= m
IL , and in particular�; � � 6j= m

IL .

J. Marcos [...] a good paraconsistent negation? V LogIA 3 / 6



And what about a paraconsistent negation?
‘‘P�a�r�a�c�o�n	s��i	s��t�e�n�t �l�o�g�i�c
s �a�r�e �n�o�n�-�t�r�i�v�i�a�l �l�o�g�i�c
s

�th�a�t �c�a�n� �a�c�c�o�m�m�o�d�a�t�e �c�o�n�t�r�a�d�i�c�t�o�r�y �th�e�o�r�i�e
s.’’

so isIL

so isIL

‘‘P�a�r�a�c�o�n	s��i	s��t�e�n�t �l�o�g�i�c
s �a�r�e �n�o�n�-�e�x
p�l�o�s��i�v�e �l�o�g�i�c
s.’’

‘‘P�a�r�a�c�o�n	s��i	s��t�e�n�t �l�o�g�i�c
s �a�r�e �l�o�g�i�c
s �h�a�v�i�n�g 	s��o�m�e �i�n�c�o�n	s��i	s��t�e�n�t �m�o�d�e�l
s.’’

so isIL

Given any� -consistent logicL , one can always
�nd a � -inconsistent logicIL such that:

� j= m
IL �; � i� � j= m

L �; �

yet: FRML 6j= m
IL , and in particular�; � � 6j= m

IL .

J. Marcos [...] a good paraconsistent negation? V LogIA 3 / 6



And what about a paraconsistent negation?
‘‘P�a�r�a�c�o�n	s��i	s��t�e�n�t �l�o�g�i�c
s �a�r�e �n�o�n�-�t�r�i�v�i�a�l �l�o�g�i�c
s

�th�a�t �c�a�n� �a�c�c�o�m�m�o�d�a�t�e �c�o�n�t�r�a�d�i�c�t�o�r�y �th�e�o�r�i�e
s.’’

so isIL

so isIL

‘‘P�a�r�a�c�o�n	s��i	s��t�e�n�t �l�o�g�i�c
s �a�r�e �n�o�n�-�e�x
p�l�o�s��i�v�e �l�o�g�i�c
s.’’

‘‘P�a�r�a�c�o�n	s��i	s��t�e�n�t �l�o�g�i�c
s �a�r�e �l�o�g�i�c
s �h�a�v�i�n�g 	s��o�m�e �i�n�c�o�n	s��i	s��t�e�n�t �m�o�d�e�l
s.’’

so isIL

Given any� -consistent logicL , one can always
�nd a � -inconsistent logicIL such that:

� j= m
IL �; � i� � j= m

L �; �

yet: FRML 6j= m
IL , and in particular�; � � 6j= m

IL .

The Paradox of Ine�able Inconsistencies : [JM, II 2006]

Even thoughIL is � -inconsistent, it still respectsex contradictione:

� ; �; � � j= m
IL �; �

J. Marcos [...] a good paraconsistent negation? V LogIA 3 / 6



And what about a paraconsistent negation?
‘‘P�a�r�a�c�o�n	s��i	s��t�e�n�t �l�o�g�i�c
s �a�r�e �n�o�n�-�t�r�i�v�i�a�l �l�o�g�i�c
s

�th�a�t �c�a�n� �a�c�c�o�m�m�o�d�a�t�e �c�o�n�t�r�a�d�i�c�t�o�r�y �th�e�o�r�i�e
s.’’ so isIL

so isIL ‘‘P�a�r�a�c�o�n	s��i	s��t�e�n�t �l�o�g�i�c
s �a�r�e �n�o�n�-�e�x
p�l�o�s��i�v�e �l�o�g�i�c
s.’’

‘‘P�a�r�a�c�o�n	s��i	s��t�e�n�t �l�o�g�i�c
s �a�r�e �l�o�g�i�c
s �h�a�v�i�n�g 	s��o�m�e �i�n�c�o�n	s��i	s��t�e�n�t �m�o�d�e�l
s.’’so isIL

Given any� -consistent logicL , one can always
�nd a � -inconsistent logicIL such that:

� j= m
IL �; � i� � j= m

L �; �

yet: FRML 6j= m
IL , and in particular�; � � 6j= m

IL .

The Paradox of Ine�able Inconsistencies : [JM, II 2006]

Even thoughIL is � -inconsistent, it still respectsex contradictione:

� ; �; � � j= m
IL �; �

J. Marcos [...] a good paraconsistent negation? V LogIA 3 / 6



And what about a paraconsistent negation?
‘‘P�a�r�a�c�o�n	s��i	s��t�e�n�t �l�o�g�i�c
s �a�r�e �n�o�n�-�t�r�i�v�i�a�l �l�o�g�i�c
s

�th�a�t �c�a�n� �a�c�c�o�m�m�o�d�a�t�e �c�o�n�t�r�a�d�i�c�t�o�r�y �th�e�o�r�i�e
s.’’ so isIL

so isIL ‘‘P�a�r�a�c�o�n	s��i	s��t�e�n�t �l�o�g�i�c
s �a�r�e �n�o�n�-�e�x
p�l�o�s��i�v�e �l�o�g�i�c
s.’’

‘‘P�a�r�a�c�o�n	s��i	s��t�e�n�t �l�o�g�i�c
s �a�r�e �l�o�g�i�c
s �h�a�v�i�n�g 	s��o�m�e �i�n�c�o�n	s��i	s��t�e�n�t �m�o�d�e�l
s.’’so isIL

Given any� -consistent logicL , one can always
�nd a � -inconsistent logicIL such that:

� j= m
IL �; � i� � j= m

L �; �

yet: FRML 6j= m
IL , and in particular�; � � 6j= m

IL .

The Paradox of Ine�able Inconsistencies : [JM, II 2006]

Even thoughIL is � -inconsistent, it still respectsex contradictione:

� ; �; � � j= m
IL �; �

:::::::::::::::::::::Lesson to be learned:

J. Marcos [...] a good paraconsistent negation? V LogIA 3 / 6



And what about a paraconsistent negation?
‘‘P�a�r�a�c�o�n	s��i	s��t�e�n�t �l�o�g�i�c
s �a�r�e �n�o�n�-�t�r�i�v�i�a�l �l�o�g�i�c
s

�th�a�t �c�a�n� �a�c�c�o�m�m�o�d�a�t�e �c�o�n�t�r�a�d�i�c�t�o�r�y �th�e�o�r�i�e
s.’’ so isIL

so isIL ‘‘P�a�r�a�c�o�n	s��i	s��t�e�n�t �l�o�g�i�c
s �a�r�e �n�o�n�-�e�x
p�l�o�s��i�v�e �l�o�g�i�c
s.’’

‘‘P�a�r�a�c�o�n	s��i	s��t�e�n�t �l�o�g�i�c
s �a�r�e �l�o�g�i�c
s �h�a�v�i�n�g 	s��o�m�e �i�n�c�o�n	s��i	s��t�e�n�t �m�o�d�e�l
s.’’so isIL

Given any� -consistent logicL , one can always
�nd a � -inconsistent logicIL such that:

� j= m
IL �; � i� � j= m

L �; �

yet: FRML 6j= m
IL , and in particular�; � � 6j= m

IL .

The Paradox of Ine�able Inconsistencies : [JM, II 2006]

Even thoughIL is � -inconsistent, it still respectsex contradictione:

� ; �; � � j= m
IL �; �

:::::::::::::::::::::Lesson to be learned: A decent � -paraconsistent logic should not only
have a� -inconsistent model, but anon-dadaisticsuch model.

J. Marcos [...] a good paraconsistent negation? V LogIA 3 / 6



On synonymity

J. Marcos [...] a good paraconsistent negation? V LogIA 4 / 6



On synonymity
Let � ; 	 � FRML. We say that� is equivalent to	 in L if

8 2 	 : �   and 8� 2 � : 	  �

J. Marcos [...] a good paraconsistent negation? V LogIA 4 / 6



On synonymity
Let � ; 	 � FRML. We say that� is equivalent to	 in L if

8 2 	 : �   and 8� 2 � : 	  �
Obviously, if L is � -paraconsistent, there must be�;  2 FRML

such that f �; � � g and f  ; �  g are not L -equivalent.

J. Marcos [...] a good paraconsistent negation? V LogIA 4 / 6



On synonymity
Let � ; 	 � FRML. We say that� is equivalent to	 in L if

8 2 	 : �   and 8� 2 � : 	  �
Obviously, if L is � -paraconsistent, there must be�;  2 FRML

such that f �; � � g and f  ; �  g are not L -equivalent.

Are some contradictions more contradictory than others?
[Je�reys 1938]
Contradictions should not be reasonably supposed to imply anything else.

[Popper 1940]
Contradictions are fatal and should be avoided at all costs, to prevent science from collapsing.

[Je�reys 1942]
I did not suggest that all contradictions should be tolerated, but at least some.

[Popper 1943, 1959, 1963]
I thought indeed about a system in which contradictory sentences were not `embracing', that is,
did not explode, but abandoned this system because it turned out to betoo weak.

J. Marcos [...] a good paraconsistent negation? V LogIA 4 / 6



On synonymity
Let � ; 	 � FRML. We say that� is equivalent to	 in L if

8 2 	 : �   and 8� 2 � : 	  �
Obviously, if L is � -paraconsistent, there must be�;  2 FRML

such that f �; � � g and f  ; �  g are not L -equivalent.

Are some contradictions more contradictory than others?
[Je�reys 1938]
Contradictions should not be reasonably supposed to imply anything else.

[Popper 1940]
Contradictions are fatal and should be avoided at all costs, to prevent science from collapsing.

[Je�reys 1942]
I did not suggest that all contradictions should be tolerated, but at least some.

[Popper 1943, 1959, 1963]
I thought indeed about a system in which contradictory sentences were not `embracing', that is,
did not explode, but abandoned this system because it turned out to betoo weak.

J. Marcos [...] a good paraconsistent negation? V LogIA 4 / 6



On synonymity
Let � ; 	 � FRML. We say that� is equivalent to	 in L if

8 2 	 : �   and 8� 2 � : 	  �
Obviously, if L is � -paraconsistent, there must be�;  2 FRML

such that f �; � � g and f  ; �  g are not L -equivalent.

Are some contradictions more contradictory than others?
[Je�reys 1938]
Contradictions should not be reasonably supposed to imply anything else.

[Popper 1940]
Contradictions are fatal and should be avoided at all costs, to prevent science from collapsing.

[Je�reys 1942]
I did not suggest that all contradictions should be tolerated, but at least some.

[Popper 1943, 1959, 1963]
I thought indeed about a system in which contradictory sentences were not `embracing', that is,
did not explode, but abandoned this system because it turned out to betoo weak.

J. Marcos [...] a good paraconsistent negation? V LogIA 4 / 6



On synonymity
Let � ; 	 � FRML. We say that� is equivalent to	 in L if

8 2 	 : �   and 8� 2 � : 	  �
Obviously, if L is � -paraconsistent, there must be�;  2 FRML

such that f �; � � g and f  ; �  g are not L -equivalent.

Are some contradictions more contradictory than others?
[Je�reys 1938]
Contradictions should not be reasonably supposed to imply anything else.

[Popper 1940]
Contradictions are fatal and should be avoided at all costs, to prevent science from collapsing.

[Je�reys 1942]
I did not suggest that all contradictions should be tolerated, but at least some.

[Popper 1943, 1959, 1963]
I thought indeed about a system in which contradictory sentences were not `embracing', that is,
did not explode, but abandoned this system because it turned out to betoo weak.

J. Marcos [...] a good paraconsistent negation? V LogIA 4 / 6



On synonymity
Let � ; 	 � FRML. We say that� is equivalent to	 in L if

8 2 	 : �   and 8� 2 � : 	  �
Obviously, if L is � -paraconsistent, there must be�;  2 FRML

such that f �; � � g and f  ; �  g are not L -equivalent.

Given a sentential contextC, say that �;  2 FRML are C-equivalent inL
if both C(� )  C( ) and C( )  C(� ).

J. Marcos [...] a good paraconsistent negation? V LogIA 4 / 6



On synonymity
Let � ; 	 � FRML. We say that� is equivalent to	 in L if

8 2 	 : �   and 8� 2 � : 	  �
Obviously, if L is � -paraconsistent, there must be�;  2 FRML

such that f �; � � g and f  ; �  g are not L -equivalent.

Given a sentential contextC, say that �;  2 FRML are C-equivalent inL
if both C(� )  C( ) and C( )  C(� ).

Clearly, � and  are atom-equivalent in L exactly when f � g and f  g are L -equivalent.

J. Marcos [...] a good paraconsistent negation? V LogIA 4 / 6



On synonymity
Let � ; 	 � FRML. We say that� is equivalent to	 in L if

8 2 	 : �   and 8� 2 � : 	  �
Obviously, if L is � -paraconsistent, there must be�;  2 FRML

such that f �; � � g and f  ; �  g are not L -equivalent.

Given a sentential contextC, say that �;  2 FRML are C-equivalent inL
if both C(� )  C( ) and C( )  C(� ).

Clearly, � and  are atom-equivalent in L exactly when f � g and f  g are L -equivalent.

We say that� and  are synonymous inL if they areC-equivalent
with respect to any contextC in FRML.

J. Marcos [...] a good paraconsistent negation? V LogIA 4 / 6



On synonymity
Let � ; 	 � FRML. We say that� is equivalent to	 in L if

8 2 	 : �   and 8� 2 � : 	  �
Obviously, if L is � -paraconsistent, there must be�;  2 FRML

such that f �; � � g and f  ; �  g are not L -equivalent.

Given a sentential contextC, say that �;  2 FRML are C-equivalent inL
if both C(� )  C( ) and C( )  C(� ).

Clearly, � and  are atom-equivalent in L exactly when f � g and f  g are L -equivalent.

We say that� and  are synonymous inL if they areC-equivalent
with respect to any contextC in FRML.

An n-ary connectivec is calledcongruential inL
if it treats atom-equivalent arguments as synonymous.

In logic iscongruentialif equivalence implies synonymity.(`replacement property')

J. Marcos [...] a good paraconsistent negation? V LogIA 4 / 6



On synonymity
Let � ; 	 � FRML. We say that� is equivalent to	 in L if

8 2 	 : �   and 8� 2 � : 	  �
Obviously, if L is � -paraconsistent, there must be�;  2 FRML

such that f �; � � g and f  ; �  g are not L -equivalent.

Given a sentential contextC, say that �;  2 FRML are C-equivalent inL
if both C(� )  C( ) and C( )  C(� ).

Clearly, � and  are atom-equivalent in L exactly when f � g and f  g are L -equivalent.

We say that� and  are synonymous inL if they areC-equivalent
with respect to any contextC in FRML.

An n-ary connectivec is calledcongruential inL
if it treats atom-equivalent arguments as synonymous.

In logic iscongruentialif equivalence implies synonymity.(`replacement property')

In such case, of course, all connectives ofL are congruential.

J. Marcos [...] a good paraconsistent negation? V LogIA 4 / 6



On synonymity
Let � ; 	 � FRML. We say that� is equivalent to	 in L if

8 2 	 : �   and 8� 2 � : 	  �
Obviously, if L is � -paraconsistent, there must be�;  2 FRML

such that f �; � � g and f  ; �  g are not L -equivalent.

Given a sentential contextC, say that �;  2 FRML are C-equivalent inL
if both C(� )  C( ) and C( )  C(� ).

Clearly, � and  are atom-equivalent in L exactly when f � g and f  g are L -equivalent.

We say that� and  are synonymous inL if they areC-equivalent
with respect to any contextC in FRML.

An n-ary connectivec is calledcongruential inL
if it treats atom-equivalent arguments as synonymous.

In logic iscongruentialif equivalence implies synonymity.(`replacement property')

In such case, of course, all connectives ofL are congruential.

Note that : (1) congruentiality � extensionality � determinedness (truth-functionality)
(2) typical examples of congruential logics: classical modal logics
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On paraconsistency and congruentiality
Can a paraconsistent logic be congruential?

YES!
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Can a paraconsistent logic be congruential?

YES!

False start #1: logic D2 [Ja±kowski 1948�49]

�  D2 � i� J[�]  S5 J(� ), whereJ = jask � wski and
wski(p) = p
wski(� � ) = � wski(� )
wski(� _ � ) = wski(� ) _ wski(� ) jask( ' ) = 3 '
wski(� ^ � ) = wski(� ) ^ 3 wski(� )
wski(� � � ) = 3 wski(� ) � wski(� )

Despite appearances,D2 is not a modal logic! [JM, M&P 2005]

Let : � := � � � (� _ � � ).
Check that p and :: p are atom-equivalent yet not � -equivalent in D2.

More generally, every� -paraconsistent extension ofCPL+ fails congruentiality
if it happens to sanction the inference � (� � � )  � ^ � � .
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No (boldly) paraconsistent logic with a deductive implication�

can sanction the inference� � �  � � � � � . [Popper 1963]

Indeed:

� � �  � � � � �
�  �

ref

�  � � �
� I

�  � � � � �
cut

� �  � �
ref

�; � �  � �
� E
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Then the logics thereby de�ned. . . [JM, Nearly 2005]

. . . are ‘ -decreasing,: -decreasing anda -decreasing

. . . are congruential

. . . generate precisely thenormal modal logics

. . . are ‘ -paraconsistent (and a -paracomplete)

. . . are Logics of Formal Inconsistency

The Challenge:
To do this without the help of an implication in the language!
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[K] ` ‘ (� ^ � ) � (‘ � _ ‘ � )

[N1] If ` � � � , then ` ‘ � � ‘ �

[N2] If ` � , then ` ‘ � � �

System Axiom Frames

KT � _ ‘ � re�exive

KB ‘‘ � � � symmetric

K5 (‘ � ^ ‘‘ � ) � � euclidean

K4 (a � ^ ‘a � ) � � transitive

K2 (‘ � ^ a‘ � ) � � dense

KG ‘‘ � � aa � con�uent
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Just imagine the possibilities

Structures for studying negative modalities, and their companions:
� Full Brouwer-Heyting algebras without implications and their duals
� Complemented distributive lattices, plus negative modalities
� Paraconsistent / paracomplete negations, plus operators for perfection

A sequent-style approach:

(systemT n)

A ) '; B
( ‘a )

a [B ]; ‘ ' ) ‘ [A]

A; ' ) B
(a‘ )

a [B ] ) a '; ‘ [A]

A ) '; B A ) ‘ '; B
( ‘ =)

A; ‘ ' ) B
A; '; ‘ ' ) B

(= ‘ )
A ) ‘ '; B

A ) '; a '; B
( a =)

A; a ' ) B
A; ' ) B A; a ' ) B

(=a )
A ) a '; B

) '; ‘ '
(rf1 ) a '; ' )

(rf2 )

J. Marcos [...] a good paraconsistent negation? V LogIA 6 / 6



Just imagine the possibilities

Structures for studying negative modalities, and their companions:
� Full Brouwer-Heyting algebras without implications and their duals
� Complemented distributive lattices, plus negative modalities
� Paraconsistent / paracomplete negations, plus operators for perfection

A sequent-style approach: (systemKn)

A ) '; B
( ‘a )

a [B ]; ‘ ' ) ‘ [A]

A; ' ) B
(a‘ )

a [B ] ) a '; ‘ [A]

A ) '; B A ) ‘ '; B
( ‘ =)

A; ‘ ' ) B
A; '; ‘ ' ) B

(= ‘ )
A ) ‘ '; B

A ) '; a '; B
( a =)

A; a ' ) B
A; ' ) B A; a ' ) B

(=a )
A ) a '; B

) '; ‘ '
(rf1 ) a '; ' )

(rf2 )

J. Marcos [...] a good paraconsistent negation? V LogIA 6 / 6



Just imagine the possibilities

Structures for studying negative modalities, and their companions:
� Full Brouwer-Heyting algebras without implications and their duals
� Complemented distributive lattices, plus negative modalities
� Paraconsistent / paracomplete negations, plus operators for perfection

A sequent-style approach: (systemKn)

A ) '; B
( ‘a )

a [B ]; ‘ ' ) ‘ [A]

A; ' ) B
(a‘ )

a [B ] ) a '; ‘ [A]

A ) '; B A ) ‘ '; B
( ‘ =)

A; ‘ ' ) B
A; '; ‘ ' ) B

(= ‘ )
A ) ‘ '; B

A ) '; a '; B
( a =)

A; a ' ) B
A; ' ) B A; a ' ) B

(=a )
A ) a '; B

) '; ‘ '
(rf1 ) a '; ' )

(rf2 )

J. Marcos [...] a good paraconsistent negation? V LogIA 6 / 6



Just imagine the possibilities

Structures for studying negative modalities, and their companions:
� Full Brouwer-Heyting algebras without implications and their duals
� Complemented distributive lattices, plus negative modalities
� Paraconsistent / paracomplete negations, plus operators for perfection

A sequent-style approach: (systemT n)

A ) '; B
( ‘a )

a [B ]; ‘ ' ) ‘ [A]

A; ' ) B
(a‘ )

a [B ] ) a '; ‘ [A]

A ) '; B A ) ‘ '; B
( ‘ =)

A; ‘ ' ) B
A; '; ‘ ' ) B

(= ‘ )
A ) ‘ '; B

A ) '; a '; B
( a =)

A; a ' ) B
A; ' ) B A; a ' ) B

(=a )
A ) a '; B

) '; ‘ '
(rf1 ) a '; ' )

(rf2 )

J. Marcos [...] a good paraconsistent negation? V LogIA 6 / 6



Just imagine the possibilities
A sequent-style approach: (systemT n)

A ) '; B
( ‘a )

a [B ]; ‘ ' ) ‘ [A]

A; ' ) B
(a‘ )

a [B ] ) a '; ‘ [A]

A ) '; B A ) ‘ '; B
( ‘ =)

A; ‘ ' ) B
A; '; ‘ ' ) B

(= ‘ )
A ) ‘ '; B

A ) '; a '; B
( a =)

A; a ' ) B
A; ' ) B A; a ' ) B

(=a )
A ) a '; B

) '; ‘ '
(rf1 ) a '; ' )

(rf2 )

J. Marcos [...] a good paraconsistent negation? V LogIA 6 / 6



Just imagine the possibilities
A sequent-style approach: (systemT n)

A ) '; B
(`a )

a [B ]; ` ' ) ` [A]

A; ' ) B
(a` )

a [B ] ) a '; ` [A]

A ) '; B A ) ` '; B
( ̀ =)

A; ̀ ' ) B

A; '; ` ' ) B
(=̀ )

A ) ̀ '; B

A ) '; a '; B
( a =)

A; a ' ) B

A; ' ) B A; a ' ) B
(=a )

A ) a '; B

) '; ` '
(rf1 )

a '; ' )
(rf2 )

A Derivability Adjustment Theorem: [A. Dodó & JM, NegMod 2014]

Let � #
: be the result of uniformly substituting each occurrence of the symbol: in each sentence

of � by an occurrence of a unary symbol# 2 f a ; ` g. Then, inferences from CL may be

recovered from T n in the following way:

� #
: ` cl � #

: i� there are �nite sets � c ; � d � FRML such that ̀ [� c ]; � ` T
n � ; a [� d ]

Furthermore, � c may be constrained above to a �nite collection of sub-sentences of� ,
and � d may be constrained to a �nite collection of sub-sentences of� .
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