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What properties does one expect from negation?
Pick your choice:

reductio ad absurdum

proof by cases
ex contradictione sequitur quodlibet
consequentia mirabilis
double negation introduction/elimination
contraposition

Being nonclassical:
Use your favorite recipe for producing mustard watches. [y.-j. ringard, 1990]

Is there some minimal basis for agreement?!

J. Marcos [...] a good paraconsistent negation? V LogIA 2 / 6



What properties does one expect from negation?
Pick your choice:

reductio ad absurdum
proof by cases

ex contradictione sequitur quodlibet
consequentia mirabilis
double negation introduction/elimination
contraposition

Being nonclassical:
Use your favorite recipe for producing mustard watches. [y.-j. ringard, 1990]

Is there some minimal basis for agreement?!

J. Marcos [...] a good paraconsistent negation? V LogIA 2 / 6



What properties does one expect from negation?
Pick your choice:

reductio ad absurdum
proof by cases
ex contradictione sequitur quodlibet

consequentia mirabilis
double negation introduction/elimination
contraposition

Being nonclassical:
Use your favorite recipe for producing mustard watches. [y.-j. ringard, 1990]

Is there some minimal basis for agreement?!

J. Marcos [...] a good paraconsistent negation? V LogIA 2 / 6



What properties does one expect from negation?
Pick your choice:

reductio ad absurdum
proof by cases
ex contradictione sequitur quodlibet
consequentia mirabilis

double negation introduction/elimination
contraposition

Being nonclassical:
Use your favorite recipe for producing mustard watches. [y.-j. ringard, 1990]

Is there some minimal basis for agreement?!

J. Marcos [...] a good paraconsistent negation? V LogIA 2 / 6



What properties does one expect from negation?
Pick your choice:

reductio ad absurdum
proof by cases
ex contradictione sequitur quodlibet
consequentia mirabilis
double negation introduction/elimination

contraposition

Being nonclassical:
Use your favorite recipe for producing mustard watches. [y.-j. ringard, 1990]

Is there some minimal basis for agreement?!

J. Marcos [...] a good paraconsistent negation? V LogIA 2 / 6



What properties does one expect from negation?
Pick your choice:

reductio ad absurdum
proof by cases
ex contradictione sequitur quodlibet
consequentia mirabilis
double negation introduction/elimination
contraposition

Being nonclassical:
Use your favorite recipe for producing mustard watches. [y.-j. ringard, 1990]

Is there some minimal basis for agreement?!

J. Marcos [...] a good paraconsistent negation? V LogIA 2 / 6



What properties does one expect from negation?
Pick your choice:

reductio ad absurdum
proof by cases
ex contradictione sequitur quodlibet
consequentia mirabilis
double negation introduction/elimination
contraposition

Being nonclassical:
Use your favorite recipe for producing mustard watches. [y.-j. ringard, 1990]

Is there some minimal basis for agreement?!

J. Marcos [...] a good paraconsistent negation? V LogIA 2 / 6



What properties does one expect from negation?
Pick your choice:

reductio ad absurdum
proof by cases
ex contradictione sequitur quodlibet
consequentia mirabilis
double negation introduction/elimination
contraposition

Being nonclassical:
Use your favorite recipe for producing mustard watches. [y.-j. ringard, 1990]

Is there some minimal basis for agreement?!

J. Marcos [...] a good paraconsistent negation? V LogIA 2 / 6



What properties does one expect from negation?
Boolean binary operators in ‘binary print’: [Béziau, 1996]

}3
2

T T

T F

F F

}2
2

T T

F T

F F

}1
2

T T

F F

kinds of
affirmation

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

kinds of
negation

}1
1

T F

F T

}2
1

T F

F F

F T

}3
1

T F

T T

F T

}2
1

T F

T T

F F

F T

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
An inessentialist abstract approach (generalized): [JM, ON:plr 2005]

(m-falsificatio) ∃ϕ. ∼mϕ 6
 ∼m+1ϕ

(m-verificatio) ∃ϕ. ∼m+1ϕ 6
 ∼mϕ

Some after-effects:
∃ϕ. 6
 ∼ϕ

∃ϕ. ∼ϕ 6

∃ϕ. ϕ a/̀ ∼ϕ
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The Paradox of Ineffable Inconsistencies: [JM, II 2006]

Even though IL is ∼-inconsistent, it still respects ex contradictione:
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‘‘P̀a˚r`a`c´o“n¯sfi˚i¯sfi˚t´e›n˚t ˜l´oˆgˇi`cṡ `a˚r`e ”n`o“nffl-˚tˇr˚i‹v˘i`a˜l ˜l´oˆgˇi`cṡ
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so is IL ‘‘P̀a˚r`a`c´o“n¯sfi˚i¯sfi˚t´e›n˚t ˜l´oˆgˇi`cṡ `a˚r`e ”n`o“nffl-`e›xṗ˜l´oşfi˚i‹vfle ˜l´oˆgˇi`cṡ.’’
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˚t‚h`a˚t `c´a‹nffl `a`c´c´o“m‹m`oˆd`a˚t´e `c´o“n˚tˇr`a`d˚i`cˇt´o˘r‹y ˚t‚h`e´o˘r˚i`eṡ.’’ so is IL
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Lesson to be learned: A decent ∼-paraconsistent logic should not only
have a ∼-inconsistent model, but a non-dadaistic such model.
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On synonymity
Let Φ,Ψ ⊆ FRML. We say that Φ is equivalent to Ψ in L if

∀ψ ∈ Ψ. Φ 
 ψ and ∀φ ∈ Φ. Ψ 
 φ
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Obviously, if L is ∼-paraconsistent, there must be φ, ψ ∈ FRML

such that {φ,∼φ} and {ψ,∼ψ} are not L-equivalent.
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Are some contradictions more contradictory than others?
[Jeffreys 1938]
Contradictions should not be reasonably supposed to imply anything else.

[Popper 1940]
Contradictions are fatal and should be avoided at all costs, to prevent science from collapsing.

[Jeffreys 1942]
I did not suggest that all contradictions should be tolerated, but at least some.

[Popper 1943, 1959, 1963]
I thought indeed about a system in which contradictory sentences were not ‘embracing’, that is,
did not explode, but abandoned this system because it turned out to be too weak.
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Obviously, if L is ∼-paraconsistent, there must be φ, ψ ∈ FRML

such that {φ,∼φ} and {ψ,∼ψ} are not L-equivalent.

Given a sentential context C , say that φ, ψ ∈ FRML are C -equivalent in L
if both C (φ) 
 C (ψ) and C (ψ) 
 C (φ).
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Obviously, if L is ∼-paraconsistent, there must be φ, ψ ∈ FRML

such that {φ,∼φ} and {ψ,∼ψ} are not L-equivalent.

Given a sentential context C , say that φ, ψ ∈ FRML are C -equivalent in L
if both C (φ) 
 C (ψ) and C (ψ) 
 C (φ).

Clearly, φ and ψ are atom-equivalent in L exactly when {φ} and {ψ} are L-equivalent.

We say that φ and ψ are synonymous in L if they are C -equivalent
with respect to any context C in FRML.

An n-ary connective c© is called congruential in L
if it treats atom-equivalent arguments as synonymous.

In logic is congruential if equivalence implies synonymity. (‘replacement property’)

In such case, of course, all connectives of L are congruential.

Note that: (1) congruentiality ≺ extensionality ≺ determinedness (truth-functionality)
(2) typical examples of congruential logics: classical modal logics
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On paraconsistency and congruentiality
Can a paraconsistent logic be congruential?

YES!
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On paraconsistency and congruentiality
Can a paraconsistent logic be congruential?

YES!

False start #1: logic D2 [Jaśkowski 1948–49]

Γ 
D2 α iff J[Γ] 
S5 J(α), where J = jask ◦ wski and
wski(p) = p

wski(∼α) = ∼wski(α)

wski(α ∨ β) = wski(α) ∨ wski(β) jask(ϕ) = 3ϕ

wski(α ∧ β) = wski(α) ∧3wski(β)

wski(α ⊃ β) = 3wski(α) ⊃ wski(β)

Despite appearances, D2 is not a modal logic! [JM, M&P 2005]

Let ¬α := α ⊃ ∼(α ∨ ∼α).
Check that p and ¬¬p are atom-equivalent yet not ∼-equivalent in D2.

More generally, every ∼-paraconsistent extension of CPL+ fails congruentiality
if it happens to sanction the inference ∼(α ⊃ β) 
 α ∧ ∼β.

J. Marcos [...] a good paraconsistent negation? V LogIA 5 / 6



On paraconsistency and congruentiality
Can a paraconsistent logic be congruential?

YES!

False start #1: logic D2 [Jaśkowski 1948–49]

Γ 
D2 α iff J[Γ] 
S5 J(α), where J = jask ◦ wski and
wski(p) = p

wski(∼α) = ∼wski(α)

wski(α ∨ β) = wski(α) ∨ wski(β) jask(ϕ) = 3ϕ

wski(α ∧ β) = wski(α) ∧3wski(β)

wski(α ⊃ β) = 3wski(α) ⊃ wski(β)

Despite appearances, D2 is not a modal logic! [JM, M&P 2005]

Let ¬α := α ⊃ ∼(α ∨ ∼α).
Check that p and ¬¬p are atom-equivalent yet not ∼-equivalent in D2.

More generally, every ∼-paraconsistent extension of CPL+ fails congruentiality
if it happens to sanction the inference ∼(α ⊃ β) 
 α ∧ ∼β.

J. Marcos [...] a good paraconsistent negation? V LogIA 5 / 6



On paraconsistency and congruentiality
Can a paraconsistent logic be congruential?

YES!

False start #1: logic D2 [Jaśkowski 1948–49]

Γ 
D2 α iff J[Γ] 
S5 J(α), where J = jask ◦ wski and
wski(p) = p

wski(∼α) = ∼wski(α)

wski(α ∨ β) = wski(α) ∨ wski(β) jask(ϕ) = 3ϕ

wski(α ∧ β) = wski(α) ∧3wski(β)

wski(α ⊃ β) = 3wski(α) ⊃ wski(β)

Despite appearances, D2 is not a modal logic! [JM, M&P 2005]

Let ¬α := α ⊃ ∼(α ∨ ∼α).
Check that p and ¬¬p are atom-equivalent yet not ∼-equivalent in D2.

More generally, every ∼-paraconsistent extension of CPL+ fails congruentiality
if it happens to sanction the inference ∼(α ⊃ β) 
 α ∧ ∼β.

J. Marcos [...] a good paraconsistent negation? V LogIA 5 / 6



On paraconsistency and congruentiality
Can a paraconsistent logic be congruential?

YES!

False start #1: logic D2 [Jaśkowski 1948–49]

Γ 
D2 α iff J[Γ] 
S5 J(α), where J = jask ◦ wski and
wski(p) = p

wski(∼α) = ∼wski(α)

wski(α ∨ β) = wski(α) ∨ wski(β) jask(ϕ) = 3ϕ

wski(α ∧ β) = wski(α) ∧3wski(β)

wski(α ⊃ β) = 3wski(α) ⊃ wski(β)

Despite appearances, D2 is not a modal logic! [JM, M&P 2005]
Let ¬α := α ⊃ ∼(α ∨ ∼α).
Check that p and ¬¬p are atom-equivalent yet not ∼-equivalent in D2.

More generally, every ∼-paraconsistent extension of CPL+ fails congruentiality
if it happens to sanction the inference ∼(α ⊃ β) 
 α ∧ ∼β.

J. Marcos [...] a good paraconsistent negation? V LogIA 5 / 6



On paraconsistency and congruentiality
Can a paraconsistent logic be congruential?

YES!

False start #1: logic D2 [Jaśkowski 1948–49]

Γ 
D2 α iff J[Γ] 
S5 J(α), where J = jask ◦ wski and
wski(p) = p

wski(∼α) = ∼wski(α)

wski(α ∨ β) = wski(α) ∨ wski(β) jask(ϕ) = 3ϕ

wski(α ∧ β) = wski(α) ∧3wski(β)

wski(α ⊃ β) = 3wski(α) ⊃ wski(β)

Despite appearances, D2 is not a modal logic! [JM, M&P 2005]
Let ¬α := α ⊃ ∼(α ∨ ∼α).
Check that p and ¬¬p are atom-equivalent yet not ∼-equivalent in D2.

More generally, every ∼-paraconsistent extension of CPL+ fails congruentiality
if it happens to sanction the inference ∼(α ⊃ β) 
 α ∧ ∼β.

J. Marcos [...] a good paraconsistent negation? V LogIA 5 / 6



On paraconsistency and congruentiality
Can a paraconsistent logic be congruential?

YES!

Say that a logic L is C -decreasing if φ 
 ψ implies C (ψ) 
 C (φ).
(1) typical examples of C -decreasing contexts: negative modalities in normal modal logics
(2) C -decreasing implies C -congruential
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A Derivability Adjustment Theorem: [A. Dodó & JM, NegMod 2014]

Let Π#
¬ be the result of uniformly substituting each occurrence of the symbol ¬ in each sentence

of Π by an occurrence of a unary symbol # ∈ {a,`}. Then, inferences from CL may be

recovered from T n in the following way:

Γ#
¬ `cl ∆#

¬ iff there are finite sets Σc ,Σd ⊆ FRML such that ©̀[Σc ], Γ `Tn ∆, a©[Σd ]

Furthermore, Σc may be constrained above to a finite collection of sub-sentences of Γ,
and Σd may be constrained to a finite collection of sub-sentences of ∆.
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